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HNriREEEN, K N0,k dqgr)-LRC. f##53
C¥&(n, k,d, q;r)-LRCIR/Ir BN C B f /N Ry B
Je AR A AT A —Fhid i R e R AR R AT A T B
ORI BB Yt ik, "N T 04 150 R A,
DURIEAEfi R AT e, JEAER, 4w A 7k
RIS . 20214F, Luofs NMOHRH 7 — Rty
i JR) R FE N2 27T JR S B SRS M T . 20234,
Tan®s NIRRT JLR=4ENMDSHS K R, 15
BT LR E R MM R E . R,
HengZ5 A F] FHAG BRI 1) S Lo R A0 PR A 3 T 8
FRIENMDSHS, A2 T JLRRMR I EHIEE.
20244, Ding% NUIHIE 74K P 4ENMDSHY,
B 7 X EENMDSHS [ B AL (1) R g, B3 7
AR BE B B R RN e SR L IR SR B RS . R S i
HA BN R INMD SHS A2 4 E AN E A 7R

AL ZTangZ NUAYingE NE TAER S R,

B U1 ={u€Fp:ui™ =1} = (o), WFRARAL
[, S HOHE
1 1 1 1
G=| o 1o 0y Qg1 ] (1)
flaa) flaz) - flag) [flagr)
Her, g=2m, mNIEREY, flo)=22, a;: =d,

1<i<qg+1. HIK, TEGHHMPANLMET RN
1) & g; = (a1, a05,a3;) € F2, Hje {1,2}, #H
T N A A B A4 38 BT MDD SRS FINMDSHS, 4R
Wigy, g2 MEERUE, FIHU, BRI ED R E
sEibEEs . wE, EANA, T SCER[6) A
NMDSHS &/ R B 3%, I 1 AR ST i 1)
A NMDSHE ) /23 /& Singleton-like 4. Cadambe-
Mazumdar#t+ Plotkin-like /- f1Griesmer-like 5]
L RAE S,

2 —LEnSIE

WR 5] BRZ 7 2 MR ) B R B S R B AE
FEZ AR AR

5138112 WO RF, L, k&M, HARHE
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5| B2~ 5| BE5Z5 HEMDSHSFINMDSHL ) — £ AH 5
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5138202 WO RF, bin, k&M, GRIHS
il O B A R BRI IR R, I DL 254554 o

(1) CA&AMDSHE;

(2) GRMEREESITEF, FEMETOR;

(3) HIWERn — KHITER, B2 K,

(4) C+2EMDSHS.

5138312 %O RF, Fn, k dMDSHY, B
d=n—k+1, WCHERENM AN <i<dif,
A;=0; Hd<i<nhf
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ct (EAEES MR EIE ), i
#Fsupp(c) Nsupp(ct) = @ Fplih, 1O LI H
B O 1y /)N B B B o (R B A [

W (z) =a+ 22 + 22 + - + 22" NFom 5
Fo T RRI AL, 5I3R6% Y 1 AERFAE Dy 200 A7 PR 4
R FH 725 R 5 i 20 7 R TR A B 7 1%

SI36!'° ¥ f(x) =ax? +bx+c€Fomla],
a0, N

(1) W =0, Ha fEFzm WA — AN

(2) Wb #0HT (ac/b?) =0, A fIEFom
HA T A

(3) Wb £ 0 H T (ac/b?) =1, A f{EFom
TG o

SI3B7 FHREABEN (n, k, d,q;r)-LRCHIS L
Wi AN R, MFRH N RHLRC,

(1)Singleton-like 7%

)@Hldjn 2)

dgn—k—[k-‘—i—? (3)
T
(2)Cadambe-Mazumdar 7'

k< minfrt + kK (n —t(r +1),d)] (4)

ﬁqjkégz (n,d) = max{k: fEF, LAFHE [n, k, )1},
ZTFRORIERE S
(3)Plotkin-like Ft1*
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de w0770 D)
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(4)Griesmer-like 1%

n > max T(r+1)+
1<r<[E] -1

ko=l
> |5 } ©)
t=0

WO MR/NE B N d, NS AR L
i (d*t > 1) f/NRHR T B %A

SIEE8I W ORI K yn AR FLZ RS, T
CHAT BRI — 14 B e, on)S =
[n], HHBy = {supp(c): c € C+ wt(c) = d*} .

3 B A+ 3,3 FIMDSHEFANMDSHE

ATHAAHNA(L)EXWHEEG, Wi LK
JE Mg + 3134EMDSHS RINMDSHY,  Ff#f i H H &
TR . AR NL, 4 dim(C)Fd(C)7 MR R
ARG C I ERO e /N ER B
TR EMER G = 2™, m > 2NIEREH (1, 2, 22)
g1 = (a11,a21,a31), g2 = (a12,a22,a32) € F2, s
Ko EXF 2 EHI3 x (¢ + 3)5 MG = (Glg |gs )
Hepragh=N()HE . %C MG ERTIZEHEN.
NHEON TR A, FEEG TR T, =
1 1 ayy 1 a1 aio
r oy agy| , Tz= |2 an ax| H fzye
LQ v a3j] L asi a32]
U so#y Hie{l,2} « B BTy =(+y):
(a1j2y + agj (x +y) + as;), T3] = (a11a12 + arzas)-
2% + (a12a31 + a11a32)T + az1a32 + az1a2z o
AT SR R TR Mariasze + arpas #
Ot

T ((a11a22 + aioas)(aziasz jazzafn)) —1 (7
(a11as2 + a12a31)

5 b, MagmaStinsRi, R (7) AL,
W G AR LMD Cy 2 R BL LR B L, AE
AW IRTEEZ . BR, 5 E6x(3)FI(T)
A5 |T3|fEF 2 FIEA RO,

P2 R R B wt(g1), wt(ge) FIEUES HC, 13
BONE R IR H e (wi(g1), we(go)) = (3,3)
I . B FEEGRRIEY], FEUT I3,

3139 Hwt(g) =3, a; = agjag; + ajag;,
bj = a(fj_l —|—a(31j1, cj=a, Hrhje{1,2}, M

(1) #a; =b; =0, Ha;b; #0HTr{"(a;c;/b?)
=1, WF. EAER|T =00 (z,y) BI85 50 A
q/2 F1,

(2) TEHREIL T, 1EF, LIEA|T| 40,

EIE1L % (wt(gy), wt(g2)) = (3,3), MILLF 45
WAL

(1) |y h2=DHIA R0, Hrg e {1,2}, W

Cy ZF 2 1 [g+ 3,3, NMDSH . :54h, LT
SAE IS Oy B B8 0 AT 70 S AR TR B 1~ 517 .

(a) aj =b; =03

(b) a;b; # 0 HTx" (a;c;/b7) = 1

(¢) ai=0b; =0, azb; #0 HTr"(a;c;/b3) =1,
Hpije{1,2) Hi# 5

(d) a;=b;=0H|T;| #0, Hrije{1,2}H
1#£ 7

(e) ab; # 0, Tr*(aie; /b7) = LH|Ty| # 0, Hr
i,je{1,2  Hi#jo

(2)# 1] #£0, HrFje{1,2}, Mo, 2F,: b
g+ 3,3,¢+ 1]MDSHS, HEEITHEN

AG) =1+ (q+3)(q4;2)(q2 — 1) o

(=1 (¢* = q—1)27"?
(=g +1*2¢ —4¢* + ¢ +2) La+3
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r oy z|l=(@+y)lzt+z)(y+z)#0 (9)
1'2 y2 22

R LA B G MR % T3, Bldim(Cy) =3, W4
dim(Cit) = q. #g1,g2 I B &2 51 BLI(2) M 2%
e, WHT; 40, je{1,2}. XH|T3| #0051,
Gy THERE3 LM TR, Mg #2W 5, N
[q+3,3,q+ 1] MDSH,

Fah, WRIESIEI (D)W, Hae;=0b;,=0,
B ajb; #0 HT(aje; /02) =11, H|T; =0,
je{1,2}, WG PAFAE3TI LM K . hol
LAl Hl, d(Ci)=3, BICt ZAMDSH. X H
SingletonFt41, Cy4&[q +3,3,d (C1)] Hd(Cy) <q+1
(2 A o

FH2 WEHI(C) =q. #Hd(C1)=q+1, NI
CLEBHNG+3,3,¢+ 1| FIMDSHS . 5| #2mf
W, Cf&lg+3,¢,4MDSHE, X5d(Cf)=37F
J&o A &AC) <qg—1, He=ari +bra+
erz e Cr P EER/DPEFNE T, Hh(ebe)e
IE‘22, Hri,ro,rs NGLHIATIM &, FTlheliq + 34
srE RS EAN RN T A E T
Wit

(1) R cHIImEPD N0 BN (wt(gh),
wt(g2)) = (3,3), AWUiE¥a = aip = 1. WFEA
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o — 1) (¢ - 1)(<122 —q+6) (@ - 1)+ 28 —q—3) (¢—1)*(q+ 1)2(2q3 —3¢—2)
2 — 1) (¢ — 1)(!1; +5¢ — 6) (® = 1)(@® + 24> — 4g + 3) (¢* —1D(2q¢* - 2q23 —3¢>+3¢—2)
(¢+2)(¢*> - 1) a(e® —1)(a +2) a(¢® — 1)(2¢° + 49 — 5) a(e® —1)(2¢° — 2¢°> — 3¢+ 2)
@ (¢° - 1)(q3 +2q +6) (¢® - 1)(2¢° Jr24q2 —5¢ — 6) (¢* - 1)(2¢* - 2q23 —3¢> +2q +2)
q22_ 1 (e 1)zq2 +59) o(g® — 1)(; +2g— ) a(g®> —1)(q Z 1)(2¢* - 3)

[Fz,y € Uy fi1Fa + bx + cx? =0, a + by + cy® = 0,
a + basy + caz; =0, a + basy + caze = 0,

(T3 #0501, FRITIEHARAME—ffa=0=
c=0, MNiibFe=0, FJE-.

2) B cIRER T ERZH 1IN0, Fik
A LAHERT H e BT g + 1N B R340, BIFF
ATz, y, 2 € Ugp1iia + bx + cx? = 0, a + by+
cy> =0, a+bz+cz? =0

HA (), ERTEARAERa=0b=
c=0. Htte=0, FJE-

G, Maj=b=0, B Hab #0H
Try" (ac; /b3) = 10, d(Ch) =g j€{1,2}. B Cy
RBHON[g + 3,3, FINMDSHS .

%3 HENMDSHC, MERITHES. B\t
T8 AT I{H, Wee OF Hsupple) = {ki, ko, k3}
FRELLN3MIEE .

(1)# supp(e) C [g+1], B X (9)A 1], Cf
HANELEIXFE IS Fc o

(2)# supp(c) = {k1, ko, k3} » FH F{ki, ko) C
lg+1], ks € {g+2,¢+3}. RIFEwt(g1) = wt(ga) =
3 LA WA, CF Tl ks = g + 2005 F el
MG 22 — 1) KU, L ks = ¢ + 3HIRSE
M NG - 1.

(3)HI |T5| £ 0 AT %0, Cf AN 17 fEsupp(c) =
{k1,q+2,q+3)} BT, Hdk clg+1].

LR, Ma; =b; =00, A =q(¢® —1);
Hajb; # 0 HTr (ajc;/b3) = LH, A3 =2(¢*> —1);
Hai=b; =0, ajb; #0HT(a;c;/b3) =1, Ay =
(g+2)(¢®—1)/2, Hic{1,2 Hi#j; Hai=
bi=0H|T;| #£0, Hije{1,2} Hi#£j, Ay =
q/2(¢*> — 1) Mab; #0 5 TeP(aici/b?) =1 H
;| #0, Hrije{1,2) Hi#j, AF =¢>—1.
B JE A 5 4R 5| BT AT R O P E R T .

B, 40 £MDSHSR, 5l #E3n
Cy I E BT . iEEE

T IS MagmaSE 556 ik 8 B 1) IERTE

Bl (1) ®m=2, g1 =(¢%¢CO) U Lego =
(C7,¢,¢%)  H¢RFL WAL, thifa, =b;
=0, a2=C, bo=1, Blaghy = ¢ # 0 HTr"(azco/
b2) =(2+ (=1, MC & [7,3,4 NMDSHY, HiE
THEESNA(Z) = 1 4 4524+ 1802° 4 12902° 4 258027,
XEEM1(1)MEIL—5.

(2 m=2, g1 =(¢" "0 L Kgy =
(¢, ¢3¢y, HhCRFL ARIG. Whta, = ¢,
by =1, Tt (a1c1/b1?) = +(=1,a2=1, by =0,
M Cy 72&[7,3, 4/ NMDSHH, i3 NAz) =
1+ 1524 4+ 2702° + 1 2002542 61027, 1X5EH1(2)
R2EL—2.

B m=2, g1=(¢"¢"?) B kg =
(¢, 8¢y, Hrh¢RFL MAERIT. e =1
#0, by=C#0, ay=>by=0 HTr"(azco/br?) =
CC+¢=0, MC£[7,3,5)MDSHY, HEEiHHaEN
A(z) =1+ 3152° + 115525 4 262527, X 5EPI1(3)
Mg —i.

TERSTTR R/, S A LE g8, H
T AWM Ewt(g;) = 28 |T;| =& 780,

SIFE101Y Hwt(g;) = 2.Hg; = (a15,0,a35) »
Heje {1,2}, WELAFERmOL.

()4 asj/ar; € Ugpr» WF. EAERR T, =01
(z,y) M Hg/2 -

(2)# azj/arj & Ugyr> WHEF 2 FIEH|T;| 40,

THAD = {us + ug: uy,us € Uyyr Hug # uz}o

SIFB111Y9 Fwt(g;) =2 Hg; = (a1, a2;,0) »
Hrbje (1,2}, WBLFZBRAL:

(A m NAE B, ayy/az; ¢ Ugyr Hayj/asg; €
D, WHEmNATH Hayj/az; € D, MFe FAEH
T;| = 0 H)(x,y) NN,

EHREILT, 1EF,: LIEA|T;| £ 0.

FER ML, Ywt(gy) =2 Hg; = (0,a2;,as;) B,
S 551116, AR .
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S50~ #11, JEZMEE B IR Ty
%, WFEE 2~ E M. TR AR
L, WO ESE B P A GA . 8 B2 E H 345
T (wt(gr), wt(gz)) = (3, 2) IF R LS Oy (12 B0R0 5 &
THEER

EIE2 & (wt(gy), wt(go)) = (3,2) Hax =0,
W AR 5518 BRAL

(1) |T;| 2= DH 1480, Hdrge {1,2),
Cy ZF 2 1 [g+ 3,3, NMDSH . 54, LT
SHI G A ) B A 0 IR BR 1AL, 3, 4, 5,
4T

(a) a1 =by =0 Hasz/a1z € Uy

(b)aiby # 0, Tri*(aic1/b1?) = 1 Haga/arz €
Ugt1 s

(c)a; = by = 0H.ass/a12 ¢ Uyirs

(d)aibi;# 0, Tri*(are1/b1?) = 1 Hasz/ain ¢
Uq+1 5

(e)|Ty| # 0H.asa/a12 € Uyt o

(2)% 11| # 0 Hasa/arz ¢ Uy s MO ZEF,2 I
Mg +3,3,¢ + 1JMDSHE, FEEiHH2E N (8).

EHE3 W (wt(gr),wt(ge)) = (3,2) Hasze =0,
W PAR 258 BT

(1) |T;| 2= H 140, e {1,2},
W Cy 2R, FHIg+3,3,] NMDSHS . H5 5, 7F
PURBFEIE T, B & 50 A7 43 R R 1 53,
2,4, 5, 54T

(a)HMay =by =00, EHm NEE, an/asn ¢
Uq+1ﬂa12/a22 €D, BEmNTFE, ai12/a22 € D;

(b)Marby #0, Tr"(aici/bi%) =18, FHmA
BE, ain/an ¢ Ugpr Baia/ase € D, BUFHm N
., aiz/asn € D;

(c)ay = by = 0H|Ty| # 0

(d)arby # 0, Tr*(arc1/b1?) = 1H|T| # 0;

(e)M|Th| #0, Him AMEEL, aa/asn ¢ Uy
Haz/as € D, 8Fm N7 H Haz/aze € D -

(2)%|T;| #0, Hje{1,2}, MC2EF,: b
(g +3,3,¢ + MDSHY, R (8).

Hap =0, SRS EHIMERELL, AL
AT

N I45 H Magma S50 56 iF i 32~ 58 B3 I
T o
B2z (1)m=2, g1 =(¢"*¢,¢%) L fegs =
(C4,0,C7)7 /E\:EPC%FL MR IG. e, =b = 0,
CT/¢0 € Uyyy s MOy FE(7,3,4NMDSHS, & it4f
#NA(z) = 1+ 602* + 1352° + 1 3352° + 2 56527, iX
L2 ()4t —.

(2)Hm=2, g1 =(¢*¢",¢%) YL Jegs = (1,0,
(%), HHACRFL AT, e = 4, by = 1O,
T (e, /b3) ="+ ¢ =1, NC, &[7,3,4) NM-
DS 15, HE AN A(R) =14 452% 4 1802°+
129025 + 258027, X 5EBE2 (1)MLL—F.

B3 (1) WMm=2, g =(¢"¢5 ¢ BL I
g2 = (¢%,¢'%,0), H ¢ 2FL B A ot .
a1 =b1 =0, ¢3/¢*? ¢ Uyrr» MCy72[7,3,4)NMDS
fi, EEVEEENA(Z) = 1 +452* + 1802° + 1 29025+
258027, XHEM3 (1) WL —E.

(2) EXm =2, 01 = (<87<127<11) uﬁg? = (<37
¢3,0), Hh¢ BFLMAEMIT. ita =b =0,
My 7&[7,3,4 NMDSHS, #=HE i NAL) =
1+ 302% 4 2252° + 1 24528 4 2 59527, X 5EH3 (2)
gt —5.

I E (wt(gy), wi(gz)) = (3,1) B RS Cy 12
BRI B et . TR BT £ 0.

EIB4 B (wt(gr),wt(g2)) = (3,1), WILLF4
WAL

(V)& |T| =0, WCZ&F,: Ffg+3,3,¢NM-
DS, HFpi, e, =b =0, 5 FHab #0H
Tr* (arcy/b2) = 10F, RS & 5040 45 HA N2 156
4, 54T

(2)# |Th| #0, WO £ZF,. EWg+3,3,q+1]
MDSH%, =i H(8).

SEHES~ EFRTZA H 2 (wt(g), wt(ga)) = (2,2) I
LU, NS B R ERE I, BRERWT,

EHES B (wi(g1), wt(g2)) = (2,2) Hagr = ass
=0, MEPLUNEERAT.

(1) |T;| H 2= H 1A 0, Hrdbje {1,23,
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Maximum Distance Separable Codes Based on
Cyclic Subgroup of Fa

DU Xiaoni®®®  XUE Jing®  QIAO Xingbin®®  ZHAO Ziwei®

®(College of Mathematics and Statistic, Northwest Normal University, Lanzhou 730070, China)

®(Key Laboratory of Cryptography and Data Analytics, Northwest Normal University, Lanzhou 730070, China)
®(G(m5u Provincial Research Center for Basic Disciplines of Mathematics and Statistics,

Lanzhou 730070, China)
Abstract:

Objective The demand for higher performance and efficiency in error-correcting codes has increased with the
rapid development of modern communication technologies. These codes detect and correct transmission errors.
Because of their algebraic structure, straightforward encoding and decoding, and ease of implementation, linear
codes are widely used in communication systems. Their parameters follow classical bounds such as the Singleton
bound: for a linear code with length n and dimension &, the minimum distance d satisfies d <n — k + 1. When
d=n—k+ 1, the code is a Maximum Distance Separable (MDS) code. MDS codes are applied in distributed
storage systems and random error channels. If d = n — k, the code is Almost MDS (AMDS); when both a code
and its dual are AMDS, the code is Near MDS (NMDS). NMDS codes have geometric properties that are useful
in cryptography and combinatorics. Extensive research has focused on constructing structurally simple, high-
performance MDS and NMDS codes. This paper constructs several families of MDS and NMDS codes of length
q + 3 over the finite field F 2 of even characteristic using the cyclic subgroup Ug+1. Several families of optimal
Locally Repairable Codes (LRCs) are also obtained. LRCs support efficient failure recovery by accessing a small
set of local nodes, which reduces repair overhead and improves system availability in distributed and cloud-
storage settings.

Methods In 2021, Wang et al. constructed NMDS codes of dimension 3 using elliptic curves over F,. In 2023,
Heng et al. obtained several classes of dimension-4 NMDS codes by appending appropriate column vectors to a
base generator matrix. In 2024, Ding et al. presented four classes of dimension-4 NMDS codes, determined the
locality of their dual codes, and constructed four classes of distance-optimal and dimension-optimal LRCs.
Building on these works, this paper uses the unit circle U1 in F 2 and elliptic curves to construct generator
matrices. By augmenting these matrices with two additional column vectors, several classes of MDS and NMDS
codes of length g+ 3 are obtained. The locality of the constructed NMDS codes is also determined, yielding
several classes of optimal LRCs.

Results and Discussions In 2023, Heng et al. constructed generator matrices with second-row entries in F}; and
with the remaining entries given by nonconsecutive powers of the second-row elements. In 2025, Yin et al.
extended this approach by constructing generator matrices using elements of Us4+1 and obtained infinite
families of MDS and NMDS codes. Following this direction, the present study expands these matrices by
appending two column vectors whose elements lie in F 2. The resulting matrices generate several classes of
MDS and NMDS codes of length g + 3. Several classes of NMDS codes with identical parameters but different
weight distributions are also obtained. Computing the minimum locality of the constructed NMDS codes shows
that some are optimal LRCs satisfying the Singleton-like, Cadambe-Mazumdar, Plotkin-like, and Griesmer-like
bounds. All constructed MDS codes are Griesmer codes, and the NMDS codes are near Griesmer. These results
show that the proposed constructions are more general and unified than earlier approaches.

Conclusions This paper constructs several families of MDS and NMDS codes of length g + 3 over F 2 using
elements of the unit circle Ugy1 and oval polynomials, and by appending two additional column vectors with
entries in Fy. The minimum locality of the constructed NMDS codes is analyzed, and some of these codes are
shown to be optimal LRCs. The framework generalizes earlier constructions, and the resulting codes are optimal
or near-optimal with respect to the Griesmer bound.

Key words: Maximum Distance Separable(MDS) code; NMDS code; Weight enumerator; Locally recoverable

code; Griesmer bound
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