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SRR AR AT AR A TR A

= AEE TR E TR HESE, @ g A
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Distance Separable EAQECCs, MDS EAQECCs)
DRI HCAE 45 o A A4 B2 1 14 B Singleton 7 (1) B A B
ANIEE, UL SR A ERE /)T, Chens AN
BTN MIE T £KMDS EAQECCs, Hifg/h
PR AT SR EAQECCs A &3 Guenda
SN RS HT TMDS EAQECCSAELE 121+,
NSHRACHRAL T BB KHE . Gao®E NMIET-H IR
EFEIR b B R IES IS H T S IMDS EAQECCS,
HET A T HT N B AR 6,
SCER[17) T JE KRN, il id Reed-Solomon
(RS)iBH4iE TEAQECCs. AifEJLKFFHAT,
%7153 R 5 BT A Reed-Solomonfd . Galindo%s
AN F Reed-Solomon & #)i& T JEK4F H IEXR
i, WA s R A B E T ER AL . HHh
1]~ X Reed-Solomon(Twisted Generalized Reed-
Solomon codes, TGRS) 1 JyReed-Solomonfis
MR YR, 5] N R R T 15 Gt Reed-
Solomonfi KIS H R #11 . HuangZE NP5 T TGRS
P AE I , UE AT RS R AR K 5 f /NER B,
FEORFF A R BE B AT 43P o 3X — 1 L Bl A i
MDS EAQECCsH) A8 ik 4L php 2R 20, R
DA TS B R, MDS EAQECCsHI#iG
TGk i&: H—, IRZMDS EAQECCsZ R T
e, MELUE NS E FlET SRR H
=, ZHMDS EAQECCsI1 5 /INiE B 32 B T PRk
KN(nd < g+ 1), FRET SEEAEIRED FIAERES ).
AT TRSHY, 8 M FE R E 1B
KAEFIEZBHIYER,  MNMTFE]PIZEMDS EAQECCsS.
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AN, AEE X MDS EAQECCsi#EAT S 3]
PERHL MR, 53] T ME-MDS EAQECCs. A&
YA IMDS EAQECCsTE {45 e /N B AL 35 1
IS, SEIL 7RG RIERTE, IF B AT RS i
SHGEH, BRI AT o .
2 FREFENR

WF 2R ?- e R, W TAERIE® S, F,
RoRFp ERIn B2 0. Fr, FAESIEE R T
2 C, IEQ-uktn, Hdn2imk. oHK
MBS Y . 155 e Hamming B & ¢ XN R &
cHAERSENAE, 5 My Hammingfh 5
SN T H MR SR, O/ NE B E N
AFERS S 2 B Hamming #8 25 f) fc/ME . AR, 46
PR ) B /0N B S 4 T 2R 1S A JE E Y Hamming
HEMNRME. B85, BHEENE. S/DEEN
difq?- B RN CIE A [0, k,d] > C AR
BNk x n i FE

g11 912 - Jin

g21 Gg22 - QGon
G = ) . )

9k1 Gk2 0 Gkn

E X GH 2GR E, H

931 9%1 91;1
ol _ 912 922 " Y9k2

g?n ggn ggn

X [n, k,d] LR CTI S, Hd=n—k+1,
TR C AR R BE B 7T 43 (MDS) £kt . 25 5E P AN
W a=(a,as,,a,)s b= (by,by, -, by) € ng , A
B a MIBHI TR B (a.b) = > b’ Hifk
RCHITEREHEIGE Sy CHr = {a € B | (a,b) =0,
Vbe C}. AHully (C)=CNCH, Hully (C)F N
CHIJEKEF ER ., #C = Hully (C), WHIGCZ
JE KA A X

BrunZ N5 AEAQECCsHIE A4 5L
fil, EREPEAN(CHP"H, EAQECCsHIH A%
05 MO T SE L e B KN i s, B (s
B MEEE A, BB —ARE N
] IXASF 2 A e 7E 2 B — @ F R s R, @i
RF S R B R AR (SR 1) s ) b A 2R R AR ) Pk R
JFGa IS R R TA, B, EAQECCTE
S ) B (B O HESE R SEBL T X & 115 B Ry
AL . EAQECCHIZER R N[0, 5, 6;d],, H
o 2 5 5 I BT LR, k2 M5 BT IR

B, SRR/, oRILEAEITE. 1ZiYRE
YIEZE |-/ METFTH R Ye=0H,
EAQECCEM N ETIE T (QECC).

EIE1 P7(Singleton F1) W C & — [ n, k, d; ]

EAQBCC, Hohd < 22

(1) H2(d-1)=n—k+c, MCH ANIMDS
EAQECC;

(2) #FHc=n—k, MCHANME EAQECC.

% [n k)], TR B3 2 56 PR (1) R (2), BP
c=d—1, NcHNME-MDS EAQECC.

SIEE128 B C A, k,d), &, 5 ARCH
K NEE . WAFAESHON [0, n — 2k + ¢, 65 ¢]] 11
EAQECC, HHAe =k — dim(Hull (C))-

SCHR[28] 51X Z 8N ([ n, 5, 6; ], FIEAQECCs
25 T Singleton 51 LA R JLFH AR T 2

k < ¢+ max{0,n — 26 + 2} (1)

q

k<n—40+1 (2)

n—0+1)(c+20—-2—-n

ps

HEAQECCsTES <n/2Bli 2R (1), HE
s>n/2B 2 (3), MKZEAQECCsH
MDSH. Mk < [n/2]0F, T BA4EJEKFEIER
Wl n, k,n—k+1],, MDS &Yk, 51# 1074
ZHCAn,n — k — £,k + 15 k — £]] FIMDS EAQECCs.

ST [EL BT RS S 1) 58 S AR MR

EX22 Fn kR EEEHF 2k <n. @
W LR ON A o R . ' CH ) &
t=(t1, by, t)) € {1,2,,n—k}, HEAER=(h,
ha, o hy) €0, 1,k — 1}, RECET &y = (ny,n,,
o) € By s HEOSREEA by 6} (i = 1,2, 1) %
A @S5I M EL by, X2
EHEFTREMNERGRH Z 0. & X
(k,t,hyn) -t 2 0K S AV pn, = {f(2) =
Zi:ol fixi +Zi‘:1 njfhjxkilﬂj i fie Fq"’}o AR,
Vit hog i Fype FHRZAEL 25 0] o

E X3P By, ag, -, an NF . I E R IG
%, iLa= (a1, a0, an). WIAEEICU,v0, v, €
Fpe» 10w = (v1,09,,0,) o BUE X2H Vit hy
MK A BEHNEFITRSIGE SCN Cr (a,1,5) =
eVa (Vi k-1,4) CFp K N . 4E B ONE 1
TGRSHE SCHC), (o, v, 1) = evg v Vrak—1,) € Frae

Hrf, evy () RMFe EZTAXEST,: [X] 2]
Fr, s

Ld—1>n/2  (3)



3806 7 5 F B % MR 475
evq (+) 1 Fgz [X] —Fp. WG N (o, v, ) INAERERE, Bl
fH[f(a1)7f(a2)7"'7f(an)]
(%1 (%) Un
V10 Vo (X UpOin
G = (4)
vy (a]f*1 +nak) v (0/2“71 + nak) vy (™1 + pak)

Fealth, Mo=(1,1,-,1) =10, HCk(a,v,n) =
Cr(a,1,n) 0 AL EEWT B =(1,1,--,1)=1
T, MR AR B R (4) 140

Gy,

(o7} 2 “ee Qp
T L B
(5)

3 MDS EAQECCsgy#ais

ATHERIAF . ERITRSIEMIEMDS EAQECCS,
FEiE L R 5 B HL A E R iEME-MDS EAQECCs.
52 HMMDS EAQECCsHLL, AHiEmis  Ef
B H, HFHAEK WNE R DL A K M i
A EE R
3.1 MDS EAQECCsHI & 1hiais

WAy RF e M —NAJRIC, H = (y7)RF . 1
Mg —1HIRIETH. 2 H={a1,a., cag-1), H

Ha,=%t), 1<s<qg—-1. &

1 1
a1 azf3
. 2 . -
A[j = (Q;EL (6%621
alﬁq a25q

%B/Zx’ CE‘JEEEQ%EKE%GZ[AlAVA,le] °

11—

A AT+ A AT 4 A AT =

BT o a4 g

1
oA AL B <w<i-1, W

i—1
a = ((11,(12, ty Ag—1, A1, A2,y Ag—17), 1Y )

a27i71,~-~,aq,17i71) (6)

H, 2<i<q—1, RS, (a)—"MENi(g— 1)
45 + HIRSTS.

TR EELA T RS, (@) BIJEKEF IE A2 A
L.

T g =p™,
SCRIBROEXNRS, ; (a), i = T2,

1+j)t
ged (i, +1), v= {(qijl) WEN‘%EF (modp)

50i = 0 (modp) » %M (5) [FL il 3 15 3 AE Rl B
Gitirfi s, A

(1) %4~ & A, dim(Hully (0)) = j+
(t—2’l}—2) ;

(2) X i AN BN, dimHullg (C) = j+
(t—2v-3) o

pni| &Aﬁy‘qu2tﬁg(q+j) x (q— 1)HERE, F
13 € (Fpe \Fy) U{1}, AgMI BN

Hrohp a8, mAIEREL
t=

1
aq—lﬁ

’ (ag-18)"""
ot

aqflﬁq

i pati—1 . i+l pgt)
al_ BIHI1 4 @ T g

b, GGU=[A;: Ayt A ]
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% &% P RH Y Reed-Solomonhd i i 9 A% K BE B m] 43 2 4 Bl & T 24 5 1 3807
g—1 0 0 0 by 0 0
0 0 0 b1 0 0 0
0 0 by—j—1 0 0 0 0
0 0 0 0 0 0 Cjt1
AwAl, = 0 0 0 0 0 0 ¢ (8)
0 b2 0 0 0 C1 0
by 0 0 0 g¢g-1 0 0
0 0 0 d 0 0 0
0 0 djy1  dj 0 0 0 0
Hot, b= (q= 1)) (1<r<q), co=(q= D7D, dy= (g =170 (1<0<j), djsr =
a-1 j—7+w— m4w)j—w m w q-1 —1)jw m w a 7
Zm:1 i1 (et w) j—wt (1 4 Al D+ ) Cip1 = Zm:1 Ala=1)j (1 §ymlat D)+ ) . (), W
i(g—1) 0 0 0 eq 0 0
0 0 0 g1 0 0 0
0 0 Cq—j—1 0 0 0 0
0 0 0 0 0 0 fit1
GG = 0 0 0 0 0 0 fi (9)
0 €9 0 0 0 fl 0
el 0 0 0 ig—1) 0 0
0 0 0 g 0 0 0
0 0 git1 9 0 0 0 0
i—1 i—1
N _ _ 'r'u( 71) s . \ _ _ zu( 71)
Xﬂ‘ﬂ:lﬁrﬁqv, E Xer=(q DZU:OV TV Fi<e<, B =@ -1)) ) s

i-1 . . i-1 g1
9-=(q—1) Zu—O YD A, U = ano Zm:l 05

qg—1

>

m=1

g—1)jn (1 + 7m(q+1>+n) g

i—1
n=>

,yzj—j+n—1+(7rb+j)n—j+1 (1 _’_,ym(q-‘rl)-‘rn) N EH;J:’Y%F(]? E‘]ZI—‘J?\fE, Fﬁu,yl(qfl) -1 ?é 0, ;H;]:'jl <l<gq.

i-1
BB, 24 HAL S (14 97D 407 D) (yrla-D) 1) = rile) — 1 = of, 0 4™ D =0, g

ri = 0(modg + 1) -

Ht=10, XF1<r<q AFya ) 140, blfe, £0, f. #0Hg. #0. ®GG" = (k;;), W
Eitagz 705 kgrogr Z0Hkg pmi1m #0, HH1<2<), 1<m<i. BEMEMMEEEPAQ, HEE

GG AL N
ilg—1) 0 0
0 0 €q—1
PGGYQ = : :
0 €9 0
€1 0 0
0 0 gi+1

Hp | il Y11 =Yg =0, Eﬂlrank(GGH):q+l; Mptiff

€q 0 0
0 0 0
SN 10)
0 0 0
i(g—1) 0 - 0
g 0 0
» B A A UG
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2 %

AT %

Ygg =1 — 1Zu N a(a=1) _ Zi_lo’y"(qfl) (11)
PR (1) il e Ll (’yq L 1) (7“1(‘1_1) — 1)}§
b 1815

T=4i(2— ,yqfl _ ,Yiq(qfl))
— (2 —~ila=D) _ ,yiQ(q—l)) (12)
HT =0, Pu=~1"1, WHTEQA2)MLN '+
1+ (a1 8)1
aip azﬂ

(a18)” + ('alﬁ)ﬁjﬂ (a23)” (a
(@)™ B
(@18)" % + (@) (apB)""

a] Bl 4y

B % m =1 (mod2) B, (7)) (a,8)™ FTTEAL E 1]
TCEEN (anB)™ + ()™ Hm = 0(mod2)
i, R (7)H (0. 8)" FIEML B TR A, Hf
0<m<qg+j—1 1<n<qg—1. 35 FFq+j—
1=1(mod2) , My,=a)prti=1 4 qit2g2a+2i-1 ;
#rq+j—1=0(mod2) , My, = 0.

ZH B S rank(GGY) = ¢ + 7. HE X1,
ZH hEEAEMDS EAQECCs # T AME-MDS
EAQECCs, 128 N(i(qg-1),iqg—1)-
q—Jya+i+1lg+il, -

N THI R E B BAR ST = 2,3, 4B TE .

EE2 We=pm, HIpHFRE mAHEE
o Wi NIEBHHL =ged(i,q+1). 2CHH(6)

-3
XM RS TS RS,y (a) » Hoi=1", o=

qutrjl)tJ > A

(1) 44 = 2}, dim (Hully (C)) =j — 1;

(2) Ki=3Hm>2/, dim(Hullg(C)) = j+
(t—2v—2);

(3) Mi=4 H i £p=1(modd) (m>2) 5k
p =3 (modd) (m # 2) B, dim (Hullg (C)) = j + (t—
20—13),

WERR (1) WG NSO AR . 2i=2

i, R(12)TRRAT = 6 — 49971 —dyala-Dy
 ¢-3
J2a=D) 4 a2aa-D i = T2 ey 2 o,

2

rank (GG") = qo HT =0, Du=77"", N L
BN — 40 +6u2 —du+1=@w—-1)"=0, X
HueFp \F, FJE. T #0, rank (GG") =¢,

1+ (agB)t?

)!I+J'+-”f

(a )q+j+:r+2

aéﬁqﬂ_l + Y2

uii 7U7u71 = 07 %Eo E&T# 07 rank (GGH) =
g+ 1.

Mt = ged (i, q + 1) > 28, Lt = INENZELL A

qg—(t—20—2), iM%
q—(t—2v—3), iNZH

EEE

rank (GG") = {

E R E(T)EAT T RO AR

1+ (aqflﬁ)quj
aqflﬂ

ﬂ)(I-‘rj-‘rH?

(aq—lﬂ)m + (aq—l
(aqflﬁ)erl X
(ag-18)""2 + (ag—1 8)" 7+

J j—1
a _1ﬁq+3 + Yg—1

MIfidim (Hullg (C)) = j — 1,

(2) Bu=~1"t, Hi=30, T=16-9u—
u 4wt +u 3. HT=0, Wub—9u*+16u>—
9u? + 1= (u—1)" (u® +4u+1) = 0. HulfFAg+1
AFu? + du+ 1 = OAHOL, T #0, rank (GGY) =
q—t+2v+2, Mifdim (Hully (C))=7 + (t — 2v — 2),

(3) Mi=40F, T=30-16u—16u"" +u*+
wte A, BT=0, Wu+1)*+42=0. %
s2=-1, s€Fgpe, H

(a) Hp=1(modd)If, seF,. M EXENR
(u+1)" = £2su, BIZMA(2)HI TS H T &

(b) %p=3(modd)If, s€F,. Hutu e
By \ E, (UKL

WT #0, rank (GGY) =qg—t+20+3, MIf
dim (Hully (C)) =j + (t —2v —3) - WEEE

EE3 Wq=pm, HPph&RE m>2.
42 =1 (modp) Bii = 0 (modp), 2<i<qg—1. &
J':%, t=ged(i,g+1), v= (j—:ll)tJ, |

(1) R Fmt, £S5 Ni(q-1),
i(g=1) —2j—qg—t+2v+2,g+j+Lqg—t+2v+2]],
IMDS EAQECCs;

(2) 4 NS B, 2178 2 8 N[i(g-1),
i(lg—1)—2j—qg—t+20+3,q+j+1g—t+2v+3],
fIMDS EAQECCs.

EE4 Wqg=pm, Hpph&ERERE m>2.
=2, é\j:%, t=gcd (2,¢+1), U:{(Jq_:_ll)tJ,
W 17 £ 2 BN [[20g-1), 2(g—1)—2j —q+1,
q+j+Lg+1], FIMDS EAQECCs.
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EIB5 Bg=p", HPpNHFERE, m>2.
g—3 U_{(j#—l)t

At — L, j=1— AL B |
St =ged (3,q+ 1), J 5 q+1J )

THESHON(B3(g—1),3(¢—1) — 2j — g+ 20 — 1,
q+j+1;qg+2v— 1}]qE<JMDSEAQECCS;

6 Wqg=p", HbphHEH m>2.

. q—3 (G+1)t
At — S E = |,
3t ng(4aq+1)’ J 9 v { q+1 ’ )\J

FAEZHON[4(g - 1),4(¢—1) = 2j —g—t+ 20 +3,
q+j+1q—t+2v+3]], MIMDS EAQECCs.
3.2 MDS EAQECCsH) % 2

AATEII RS, +1 (b) MG —2MDS EAQECCs.
B U 1 AFL TTH g + TREALIR A B T3,
EP’yy\jFZg A BTG NUUq+1 = <’Yq_1> ° iEl‘Uq+1 =
{b1,bg, - by}, T

b= (blv b27 ) bq+17 bl'}@ b2% ) bq+177 )
b17i_1,b27i_1> "'7bq+1’7i_1) (13)

1+ (b16)"

) )

(b16)" + (by0) 7T
(b15)$+1

(b16)" + 11

Bl 24 m = 1 (mod2) i, Bs ¥ (b,0)™ BT {E AL & 1) T
KA N (0,0)™ + (5,0)T . Mm =0 (mod2)
i, BsH(b,0)" FTEEM BT HRAL, HAo<m
<qg+1, 1<n<q+1. #H—5 #Fq=1(mod2), N
Un = (b20)? + (b20)*1 ¢ = 0(mod2), Wy, =0.

Z A PR AE 1S rank (WWHT) =g+ 1. HE
Xnrsn, iz MiEEEMDS EAQECCs #27H M
ME-MDS EAQECCs, KIS N[i(q+1),
(i—D(g+1).q+29+1]], -

WRyEEH7, R[N WFHZSHAMDS
EAQECCs.

EHE8 Wq=pm, HipAHFRE, maEE
. WA B W 24?2 = 1 (modp) 8% = 0 (modp) »
2<i<q—2. Xs=gcd(i,q—1), WHEALESE A
[i(g+1), (i = 1)(g+1) — 5,9+ 2;¢ — 5 + 1]] FIMDS
EAQECCs.

T Wq=pm, HbphTEH, m&IEH¥
B Wi=3, s=ged(i,q—1), WHEESEN
[3(g+1),2¢+ 1,9+ 2;q]], FIMDS EAQECCs.

A ERIMDS EAQECCs L 1.

1+ (be8)™™

(b20)" + (bpd) T "
(b25)1‘+1
(016)" T2 + (516) 172 (by8) ™2 4 (by8)?To T2

(b20)" + 2

H2<i<qg-—2. HIEREK N (¢+1), 45
NG+ 1IIRS, 11 (b) o RSy11 (b) e KFFIEAS BL4E
i R E B

EEBT Wqe=pm, HPIpHFREHE mSEE
o B EGH 22 = 1 (modp) Bi = 0 (modp) , &
s=ged(i,qg— 1) BCHH(13)E LHIRS, 11 (b)>
W NCOTEF 2 B R BE . fR 4 2K (5) xf w b 4T
i E, A5 dim (Hully (O)) = 5.

VE E X (qg+1) x (¢+ 1) HriEE Bs

11 1
bi6 by byt

B = ) ) . .
bio® b36r - bl 00

Hrb, 6eF,, MIMCHABIERE T RR AW =
[Bl By B,Yi—l] o

Xt Bs 3t 47 87 0 #h s

I+ (bq+15)q+1
bys10

(bq+15)m + (bq+15)q+1+z
(bq+15)%+1

(bq+15)m+2 + (bq+15)q+x+3

(bq+1§)q + Ygq+1

#+= 1 AXHERIMDS EAQECCs

1 [[120, 58, 37;10]] 45 SEFE3
[[156, 106, 40; 28]] 5, TEFE3
[[288,194, 73; 50]] 49 JEHE3
[[160,2,121;82]¢; TE R4
[[78,11,40;11]],, SEHS
([ 72,22, 40; 28]] 55 TEFE5
[[496,250, 187; 126]] 55 JEHE6
(32,18, 13;10]], TEFE6

[[32,20,13;12]], &3 IIMERE T

(178,39, 40; 39]] 55 EHIMMER T
2 [[130, 103, 27; 25]] 55 SEHS
[[30,23,7;5]]5 TEFES
[[630,503,127; 125]] 55 JEHES
([84,55,29;27]],, TEFH9
[[12,7,5;3]], TEBE9
[[30,19,11;9]], TEFH9

[[12,8,5;4]], EHSHIMERTH

(30,24, 7; 6]]5 E S IMEZTH
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o

=]

ny
B %

i AT %

EFreii15Elr, AXFIILEHSHEN
MDS EAQECCs, Hf&WE#H3~6, 8, 9.

W K284 THK/NT ¢ Hig/ME &
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Constructing Two Classes of Maximum Distance Separable

Entanglement-Assisted Quantum Error-Correcting Codes

by Using Twisted Generalized Reed-Solomon Codes
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(School of Mathematics and Statistics, Shandong University of Technology, Zibo 255000, China)

Abstract:
Objective

With the rapid development of quantum communication and computation, efficient error-correction

technologies are critical for ensuring the reliability of quantum systems. Maximal Distance Separable (MDS)

Entanglement-Assisted Quantum Error-Correcting Codes (EAQECCs) with flexible code lengths and larger

minimum distances offer significant advantages in enhancing quantum system robustness. However, classical

quantum codes face limitations in parameter flexibility and minimum distance constraints. This study addresses

these challenges by leveraging Twisted Generalized Reed-Solomon (TGRS) codes to construct novel MDS

EAQECCs, aiming to improve performance in complex quantum communication scenarios. In this paper, TGRS

codes are innovatively applied to construct MDS EAQECCs. Different from polynomial construction methods,


https://doi.org/10.1007/s10623-020-00747-6
https://doi.org/10.1007/s10623-020-00747-6
https://doi.org/10.1007/s10623-020-00747-6
https://doi.org/10.1007/s10623-020-00747-6
https://doi.org/10.1007/s10623-020-00747-6
https://doi.org/10.1007/s10623-020-00747-6
https://doi.org/10.1007/s10623-020-00747-6
https://doi.org/10.1007/s10623-020-00747-6
https://doi.org/10.48550/arXiv.2204.11955
https://doi.org/10.48550/arXiv.2204.11955
https://doi.org/10.1016/j.disc.2023.113749
https://doi.org/10.1007/s11128-020-2580-3
https://doi.org/10.1007/s11128-020-2580-3
https://doi.org/10.1007/s11128-020-2580-3
https://doi.org/10.1007/s11128-020-2580-3
https://doi.org/10.1007/s11128-020-2580-3
https://doi.org/10.1007/s11128-020-2580-3
https://doi.org/10.1007/s11128-020-2580-3
https://doi.org/10.1109/TIT.2022.3149291
https://doi.org/10.1007/s11128-019-2234-5
https://doi.org/10.1007/s11128-019-2234-5
https://doi.org/10.1007/s11128-019-2234-5
https://doi.org/10.1007/s11128-019-2234-5
https://doi.org/10.1007/s11128-019-2234-5
https://doi.org/10.1007/s11128-019-2234-5
https://doi.org/10.1007/s11128-019-2234-5
https://doi.org/10.1109/ISIT.2017.8006545
https://doi.org/10.1007/s10773-020-04433-0
https://doi.org/10.1007/s10773-020-04433-0
https://doi.org/10.1007/s10773-020-04433-0
https://doi.org/10.1007/s10773-020-04433-0
https://doi.org/10.1007/s10773-020-04433-0
https://doi.org/10.1007/s10773-020-04433-0
https://doi.org/10.1007/s10773-020-04433-0
https://doi.org/10.1007/s10773-020-04682-z
https://doi.org/10.1007/s10773-020-04682-z
https://doi.org/10.1007/s10773-020-04682-z
https://doi.org/10.1007/s10773-020-04682-z
https://doi.org/10.1007/s10773-020-04682-z
https://doi.org/10.1007/s10773-020-04682-z
https://doi.org/10.1007/s10773-020-04682-z
https://doi.org/10.1007/s40314-019-0837-1
https://doi.org/10.1007/s40314-019-0837-1
https://doi.org/10.1007/s40314-019-0837-1
https://doi.org/10.1007/s40314-019-0837-1
https://doi.org/10.1007/s40314-019-0837-1
https://doi.org/10.1007/s40314-019-0837-1
https://doi.org/10.1007/s40314-019-0837-1
https://doi.org/10.1142/S0219749919500229
https://doi.org/10.1142/S0219749919500229
https://doi.org/10.1007/s11128-018-1978-7
https://doi.org/10.1007/s11128-018-1978-7
https://doi.org/10.1007/s11128-018-1978-7
https://doi.org/10.1007/s11128-018-1978-7
https://doi.org/10.1007/s11128-018-1978-7
https://doi.org/10.1007/s11128-018-1978-7
https://doi.org/10.1007/s11128-018-1978-7
https://doi.org/10.1007/s11128-020-02698-2
https://doi.org/10.1007/s11128-020-02698-2
https://doi.org/10.1007/s11128-020-02698-2
https://doi.org/10.1007/s11128-020-02698-2
https://doi.org/10.1007/s11128-020-02698-2
https://doi.org/10.1007/s11128-020-02698-2
https://doi.org/10.1007/s11128-020-02698-2

FE10H % Z5% . P AR eed-Solomonht i) AR K IE B BT 42 484 Bl 1 2l 45 Y 3813

we determine the dimension of the Hermitian Hull through special matrix rank analysis, and successfully
construct g-ary MDS EAQECCs with a minimum distance exceedingg + 1. Two construction schemes with
flexible code lengths are proposed. Notably, the minimum distances of the constructed g-ary codes all exceed
g+ 1. Table 2 systematically summarizes the known MDS EAQECCs with a length less than ¢* and a
minimum distance exceeding ¢ + 1. The novelty of the construction schemes in this paper is highlighted
through parameter comparison. Reasoning shows that our schemes achieve flexible adjustment of the code
length while maintaining the advantage of the minimum distance.

Methods The proposed approach integrates TGRS codes with algebraic techniques to design MDS EAQECCs.
Two families of MDS EAQECCs are constructed by using TGRS codes over finite fields. The key steps are as
follows: (1) TGRS Code Construction: Utilizing twisted polynomials and hook parameters to generate TGRS
codes with adjustable dimensions and minimum distances. (2) Hermitian Hull Analysis: Applying matrix rank
analysis to determine the dimensions of the Hermitian Hull of the constructed codes, which is crucial for
satisfying the Singleton bound in quantum codes. (3) Twisted Operation Optimization: Employing twisted
operations to transform the constructed MDS EAQECCs into ME-MDS EAQECCs.

Results and Discussions This paper constructs two families of MDS EAQECCs using TGRS codes and gives
certain twisted conditions under which the codes are ME-MDS EAQECCs. Compared with other known codes,
these new codes have more flexible parameters and significant advantages in terms of code length, minimum
distance, and maximum entanglement state. This paper constructs g-ary EAQECCs with [[i(¢ — 1),
i(g—1)—2j—qg—t+2v+2,g+j+1¢g—t+2v+2]], when i is odd and [[i(¢ —1),i(qg —1) —2j —q—t+
204+ 3,q+7+L;q—t+2v+ 3]]q when i is even. Based on Theorem 1 and Theorem 2, several types of MDS
EAQECCs are obtained, and their parameters are listed in Table 1.Theorems 3~6 give the existence conditions
of specific g-ary EAQECCs under different parameter settings. Furthermore, this paper upgrades the MDS
EAQECCs to ME-MDS EAQECCs with [[i(¢ —1),i(¢ — 1) —¢—j,q¢ +j + ;¢ + j]|, by a twisted operation.
Meanwhile, this paper constructs g-ary EAQECCs with [[i(¢+1),(i —1)(g+1) —s,q+2;¢ — s+ 1]].
Moreover, this paper upgrades the MDS EAQECCs to ME-MDS EAQECCs with [[i(¢+1),(i —1)
(¢ +1),q+2;¢+1]], by a twisted operation. Theorem 7 gives the dimension of the Hermitian Hull of this RS
code after the twisted operation on its generating matrix. Similar to the first construction, a new twisted
operation is applied, which upgrades the MDS EAQECCs to ME-MDS EAQECCs with specific parameters.
Theorems 8, 9 give the existence conditions of specific g-ary EAQECCs under different parameter settings
based on this construction method.

Conclusions Two families of MDS EAQECCs are constructed using TGRS codes, and the parameters of
known MDS EAQECCs are systematically summarized. Comparative analysis reveals that the EAQECCs
proposed in this paper offer the following advantages: Compared with the known g-ary MDS EAQECCs (Table 2),
the parameters of the MDS EAQECCs constructed here are new and have not been covered by previous
studies; The codes not only enable flexible code-length adjustments but also achieve a minimum distance that
significantly exceeds traditional theoretical bounds; Under specific twisted conditions, the constructed MDS
EAQECCs are upgraded to ME-MDS EAQECCs. By introducing the twisted operation on RS codes, more
flexible parameter combinations are obtained. This provides greater flexibility in the design of quantum error-
correcting codes, enabling better adaptation to different quantum communication requirements. This
improvement further optimizes the performance of quantum error-correcting codes, enhancing the
entanglement-assisted error-correcting ability and improving the overall efficiency of quantum systems. These
research results indicate that TGRS codes are important theoretical tools for constructing high-performance
EAQECCs with excellent parameters. They play a pivotal part in advancing the development of quantum
communication technology. Moreover, they offer a firm theoretical underpinning for the practical
implementation of quantum error-correcting codes. Future research can focus on further exploring the potential
of TGRS codes in constructing more advanced quantum error-correcting codes and expanding their applications
in different quantum communication scenarios.
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