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Abstract: Given a graph G and a proper vertex coloring of G, a 2-coloring induced subgraph of G is a
subgraph induced by all the vertices with one of two colors, a component of a 2-coloring induced subgraph is called
a 2-coloring component. To make a Kempe change is to obtain one coloring from another by exchanging the colors
of vertices in a 2-coloring component. Two colorings are Kempe equivalent if each one can be obtained from the
other by a series of Kempe changes. Mohar conjectured that, for k>3, all k-colorings of connected k -regular
graphs that are not complete are Kempe equivalent. Feghali et al. addressed the case k=3, and it is still an
unsolved conjecture fork >4 . This paper considers the case k=4 by showing that: (1) if G is a connected
4-regular graph that is not 3-connected, then all 4-colorings of G are Kempe equivalent; (2) if G is a connected
4-regular graph that contains an induced subgraph isomorphic to a 4-wheel or a nearly complete graph of order 5,
then all 4-colorings of G are Kempe equivalent; (3) if G is a 3-connceted 4-regular graph with a 4-coloring f
and a vertex z such that there are three or four neighbors of x colored with the same color under f , then all
4-colorings of G are Kempe equivalent.
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Howy,wy € V(I* (u,0)) > WK 9 FioR.

g N w5 w E Gy, TAER, WX w, B
11 34-77 3L 9t K284, wIAEAS w, v [AJANFEAT 14-1,
SRIGRT w B v TR 14-9) 3OS0 KA He, Jifd 4-%
OEA f o

1Eg Ny 45w, 5w 1E Gy &M . SABUHT 7>
B, ANFEHE w, 5w, W5 34-HHI5 0L,
BRI wy 5w, 7E Gy TANIETE o X w, JT{E 34-73 35K
it K- 4, A1 w0 M AN 13-4, SRJE 0T w Bl
v AR 13-9 3CSEt K-8 4k, it A& AR f

Mg(u)=4Hg(v)=21, HIEFHERES Lk
KABL, W

&R 1.1.1.2.5
g(u)=3Hyg()=4;:

IS DLRUE A 7 S5O0 1.1.1.2.4 28484, g .

R 112 V(I () >3

V(1 (u0) = 35 MBS 1.1.1.2 4L,
ORI A g V(l14 (u,v)) > 3O, W' € N(u),
v' € N(v) Hu',v' ¢ V(l12 (u,0) U1 (u,0) U™ (u, v)) o

MR o 5 o B O DL IR
HR 1121 gu)=g()=2;

gw)=2Hyg()=4; 5

gu)=4 Hg)=3; B

(b) w"E€ V(I"(u,w))

K8 51 9 EIRER, Hi1.1.1.2.3
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9 TSI 9UFIREIE, N 1.1.1.2.4

W w;,wy, € N(u) > H Wy 6V(ll3 (u,v)) y Wy €

V(ZM(’LL,U)), wE 10 Piose fEg Ky #5w, 5w, [0

TG 34-8%, WIS w, FI7E 34-4) 350 K784, wlff
73w, v HIANTHAT 13-B%, SR w 8o JT{E 13-93 35K
it K-, Pifd 4-FHGOHA fo fEg N, #w 5w,
A7 34-2%, WIFRAUNLTE 18 w, 5 w, A1 — 557
S4BT OLe T 12 (wyv), 1M (u,v) T HEHT, 10
X w, FTAE 34-43 3 580 K- )5, u,v AN 13-
B, WAFA 14-8%, Ut B, 0w 8o FrfE 13-
I SCSEE K-8 4, A -5 (R1h f .

1HR1.1.2.2 g(u)=g(v)=384;

HFEE g(u) = g(v') =3I Bw € N(u),
wy, € N(v), Hw,w, € V(I"(u,v), WK 11 Fior,

Eg N, w5 w BTG 24-8, WX w, FTTE 24-
Gy S K-8 4, nIAE A w0 AN 14-1, 7E0t
Fefith By X uw B o PrE 14-50 30500 K84, P
4N f o

TR, MHERAAEg T, whw A 24-.
KA, BAMNFHE R w 5w, H 5K
24-BE IOl T Eg Ty 17 (ww), M (u,v) 2™
I, w5 w, MG 24-8%. BEIF, X w, ITTE 24-
I S K-8, nIAEAY u, v MIANFRA 14-%, 7Eik
SEhh b, X w Bk v BTE 14-70 30500 K484, B
4-FHERA f o

Hgu)=g@)=4n, HiEWKE LAk
BL, s

HR 1.1.2.3  g(u) )
=3,9()=2;8gu)=2g(v)=4; BHg(u)=4,

K10 513 9 iR, B 1.1.2.1

g(v')=2;

HFEE gu)=29g0)=3 MEH. & we
Nw), Hgw)=4. & w gV(i*(uv), BT
M (u,0) ZPAK I, R, w5 o fE Gy PAEE,
X w! BITAE 1493 3 Sl K-8 4, FRKs w BB 4,
AAEAS w, v AT 12-3%, EbFEat b, %) v 5o Bt
1 12-97 3050 K-8 4, ittt 45008 fo 4
w' € V(IM(u,v), WHEg R, w' FIfE 24-5 AL EH TR
Row' Mw, M%7 K-ARH#, A AE1G u, v [AA
A 12-f, fEURIERE b, X w B0 TAE 12-59 305K
it K-, frfs 4y f o

Hgw)=3g()=2g(u)=2 g(v)=4 K
g(u)=4, g(v') =2, ATEERHIZREBL IR TTVE T LA
EW, Wk

B 1.1.24 gu)=3g0v)=4Tgu)=4,
gv)=3;

Eg By #w A5 1M (u,0) PAEEE B 4 10
AU 24-1%, WX w FTfE 24-73 3580 K-A2#e, 7]
{5453 u, v AN 12-8%, 7EsbItnt b, X o 5o By
1 12-77 32900 KA, P 4500k fo R
BBTE g s w 51 (u,0) TRIFEANZUE 4 TG
How) ) A 24-#% o KL BRI, AT H L 0
5w [0 —50 K 24-B 15 TR, R 1P (w,w,) -
T G 4-1E W, w5 1 (u,0) HHE— NGB0
4 TS (R w ) A 24-B% X T V(M (u0) >3,
H M (uyv), 17 (u0), P (w,w,) 53 BE K0, He4
X w FTAE 24-93 > S0 KB 5, o AT 12-
P, TEREIER b, 6w B v PRAE 12-93 3 5 K224,
A3 -5 f .

Ygu)=4,g)=30, IEPHEES LAk
BL, W

ER 12 V(" (uv)>3;

W u' € N(u), v € N(v) H u',v' ¢ V(1"*(u,0)U
1 (u, ) Ul (u,0)) s BATARE o' 5 o' B (501 L

-i/q‘ )L/I:\A o

Fogaan ol
.,
o c!
I kS
1 2) G
u o N . f
e wy wy
D oD
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R 121 gu)=g();
HF 1 (w,v), 12 (u0), 1M (u,0) BT A SR
= MK, TR g(u)=g(v)=2. &
w,wy, € N(w) » H ow, € V(I®(u,0) , w, € V(I*(u,
v)), WK 12 Pros.

TEg Ny 45wy, w, 18 Gy, TAE, WX w, FT{E
34-7y S KR4, wIAAS w0 [HANFRAT 1325,
FEMEIERN b, X o 8o FrfE 13-73 358 K-8 4, fr
4O f o

TEg Ny 5w, w, 7E Gy, TIEM . B2 AR,
H, AT wy,w, A — 45246 34-BR -0, i)
BB B w, A6y w, A5 1 (u,0) AT 3 HT0
A 34-Bs BRw, Ab, w A5 (u0) FAFEEBUE
4 [T R 34-1 o 2200 w, BT 34-73 St K-8 4t
Jos o wv AT 13-2%, WHAEA 14-8%, 7Rtk
fiti b X w B v JrAE 13-9p 328 14-73 S5 il K-8t
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1HR1.22 gu)=g();
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TIOF IV 20 R BT TR PR R L
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WAFEw, WK 13 Prm: BARZ IS F150.

R 200 |V (1% (u,0))| = 35 BE0 (u,0) L0
— R w,

'%&2¢L1\V@H%@ﬂ:3ﬁ

Vv (1214 (u, v))‘

K12 513 9 IENIREE, i 1.2.1

-3,
ARGV (1 (w,0))] = 35 H o, R (w,0) L0
ME— N R WS OL SO0 1.1.1.1 28480, g
R 2112 V(I ()| >3, B[V (5 (u)
>3 BREOUCS R 1.1.1.2 8L, M
R 212 V(1 () >3

PEAE B S DL 1.1.2 2R 400L, Mo

R 2.2 V(" (u)>3;

B SR BAT B 1.2, g

Zr BPmk, ARG aT. TEEE

T 4, 7~9, ARS8,

EE 3 WGR—MEEN 4-ENE. FHER
HERENT 3, BASE 4880 K [RIF I T 23
BT, e, (G) &—A Kempe 542K,

WERR WG —ANIEE 4B E,  HE i
[EANT 3. BIhG 2 4-TEE, #G 204 5 AN
Mo MR G AN 3-3EIEM), BTl G A — AT E
£8, HI|S|<2. WS &G/ S EILE,
WL G=G UG,,G NG, =5 NS HkaEA T
MAEG TIER/NTET 3, Ha 2 4-1EWE, i)
G, G, & 3-IBMLEl. RItk, 58 4 5, C,(G))
C, (Gy) A — Kempe ZEfids. s &—
AN, WS IEE 7 50, G5O IEEE

NHRAMRBE G AT R e NEIEE A 2 [
KL S = {2y}, Hr, ay AR,

Kk S s f/NEISE, oy AMIAEH.G A 4-1E0)
B, #id, @ e{1,2,3}, dg (y) €{1,2,3}, i=12.
W N, @ FN, (y) 7300« F oy 7& G, T B48 5,
i=12. TRENAN(z)|=1 |Ny(2) =3, 8FH
|N1(x)| =3, |N2($)| =1, B |N1(33)| =2, |N2(5U)|
=2; WM, HIN @ =1, [N@y)|=3, S#H
|N1 (y)| =3, |N2 (y)| =1, Ei%‘|Nl (W)=2, [N, (y)|

..... s
1 (u,v)
3)
uq? v © C’Dl
\, 12(u,v)
AY \\
L . B (uv) o
N Q> /
/"-\\ ...... s
Bluw) e, @
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AT AR B TAER I i € {1,2}, |N,(2),
N, (y)| AR 1, WARINA 3. 4 |N(2)=
|V, (y)| =1 B 3, AR, BN (z)={z},
N, () =1, W {z,y} & G —AEIE . W T
ik, GAEA B ERANELE, T {7,y W—
MNe/NESEH 2y € E(G) « R G2 4-TENIR, i 2,
TEV (Gy)\{my,x} T 3 LB XN, (y) =1
Hoa 5y AL, Wy BV (G)\ {z, 2z} TIAH 1A
Ao PIETTAM { 2y, v} KA S = {z,y} IR
SE I — AT R AR o DRI W AR e R T AT = 1
i€ {12}, |N,(2)], |N; (y)| AR 1, AER Y 3.

FHEE, C (G)TIH M 2y H AR BT
4-# 02 Kempe S50 o HuE IR .

6 G I zy WE—%&ide. AT M
Cy(G+e)&— Kempe EMIK. BH|N(z) =
|V, (y)| =2 8 [Ny ()], |V, (y) PE—AH 1, S5—A
Hh 3, WG et 3-BME, i=12. Kk, Wi
I 4 51, C, (G +e) & Kempe %513,
i =120 MAREGIBL 7 40, C, (G +e) s Kempe
Ko Fs 2 8 41, €, (G) FHTH 15 2,y H AN EI
{01 4-7 (078 Kempe 500 o

RS2 9 %01, X F C, (G) TAEBALAY 2,y A
FgE R 45 g, BN 458 e, (G),
{15 f(2) = f(y), H g5 fr& Kempe 411, Kk
C, (G) & Kempe M2, AEHRAT.

HIFEE

FHE P 1 AE s 2 ml g0, X TAEE—ANIEE 4-
EWE G, #FEES 45808 K FR TS ST
K, O, (G) /& Kempe 41238, F 1@ 3 3 40,
ERATS 480l K, RIS S H 7R, 5%
WEANT 3 4-IENE G, XN e, (G) £
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L1 WG R —EWENT 3 4- 15N KE,
C, (G) &> Kempe EH K.

4 3-3%i® 4-IF N E Kempe ZM 189118

RIHETERAT 18 TR AN T 3 1) 4-1E &
Kempe S0, AT5KEE— 20010 3-14800 4-1E &
(1) Kempe S50 PE 8. i, 265 N512E 10

SIEE 10 GRS kY 3-1E i
K, ayz £G4 2-Kik, feC, (G)WiL f(z)=
f(z) o #7139 € CL(G) AL g(x) = g(2)» Hg=f, W
5 g /& Kempe S50 1.

WG 4-IEWEAEE 2R, WG —EEH—
AN 14(a) s T H . Vi€ C,(G), HIESf F
R (R8T {91, 0507, g1 } TTHI—AS, QT
14(a)~14(n)fix. MOV (H)FRR HAEC,(G) T
Fr A Bl - Bk k2 B2 % f, f € C, (G) J Kempe
M), A HAREATRREN A AR, W]
P8 4, XA PR I (il Kempe 4T

EE 4 WG R A 3-EE 4-ENHEE AR,
HREGH —ANWE 14@)Fir 7K. 45 g €
Cy(H), WC,(G)&—4 Kempe K,

R N g (v) = g1(0,) = g1(v3) = gy (vy) » A7
cf (H)= {91} » WHEWI Vel (@), A fu)=
f(vy) = flvy) = f(vy), HZIF10 5, C,(G) =1
Kempe %M. #4507 (H)> {9}, 2 CM(G) N
C,(G)1E H LI (A g, ITH 4-45 (R B
A, W5 10 51, Cf (G) /& Kempe 541
%, He (G)\of (G) T 450385 e (@)
#& Kempe MM, #10, (G) &—1> Kempe Eh K.

kR

B G 2 4-IEWHEE A, w3 4 Uk T
Y GAFAE— AN o J 45500 f, A4S o A3 i
4 AN RACEAHRIBUER, ¢ a5 B —A
Kempe SR, NHEERA1E 5 o ABIHAA 3 AN
BAE f FEMIFEBUER G B Kempe S0P

SIFE 11 WG 3-3EE 4-1E N FRsE 4,

(h) g5 i) g () 910

(k) g1 1) 912

14 HAE fRRIEBIT ETA W REE (O
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H &G AN 14(a) i 71|, )

(A5 CF (H) 2 {95,910} » W fy, f;, 7 Kempe 5§
W

()47 CF (H) 2 {95,915} » W fy, fi5 7 Kempe 55
W

(3)45 CY (H) 2 {gs, 914 } » W f5, /4 7 Kempe ¥4

. JLr, feC( ), HHATEf TGN g, .

MERR XFT(1), MR KA T, M f,
Wk, S £ £ o8 Kempe 250 — AN 4-K 4.

HREf (v)=f(v)=f(v), B, v,0,0
1EG P HAMA . 15 f, Ty v, v, WG 12-2%, W)
XF v TR 12-53 305601 K-AeHe,  Frfs g adhk £
AR, f12 5 fy 2 K25 Rl_ljjfu(”l) flz(vz)
WG IEE 10 50, £, 5 6 2 KA.

TR AE fi, Ty o 5 vy ZIEAAAE 12-B%. 1
19 BUEI R oG TR A% -tk i) 2 A AT
5, BAMNTEHBRERAE £, Ty o 5o, ZIIMPTA 12-
HE TR B IE o

15 fip Ty Wou 5o K — 5774 12-3 0
12 (v,05) s [FIEE, v 55 oy A —40™ 4 13- (id
TEI (v,vy) ), w5 oy A — 5574 23 (iCAE
P (vy,05) ) o W N(vy)= {vl,vl,vf’,x} . N(v,)=
{UZ,UZ,UZ,I} N (vy) = {1)3,1)3,113,x} Ho, vne
12 (v,0), 07,03 €17 (v,05), 03,05 €17 (vy,05) » WK
15(a) JT 7o J':”qu(vl>—23?43ﬁ4; ]32(@;3):1522
4, FITAR of o 195 (MR 8

& 1 ﬁQ(vi‘):Q, fu(vg):l;

WIS, o FAE 34-23 SCAE T 2 oy, RFZ45)
SO KA, TR o B 4, P (adhE
fhy B, 45 fo 4t Kempe S, XHEN
£y (o) = £ (vy), HERBIED 10 50, £, 55 f 2 K2
B

& 2 f12(1’f>:2a f12(”§):2;

SER R S 1 IO, .

b)'r%‘//[ﬂ'&

&3 f, (vl?)) =2, fi (U;s) =43

SR, o FTAEI 13-4 0B 1% (0, 0,) » X%
Oy S S KR4, TG (AadE £y, il 15(b) Bt
Re FAEfL Ny v 5w, TG 23-1, WX o, FTLER
23-47 3 K-8 He, i (1 f ¢ Kempe S5
Mo BLE LT, o 5o, WH 23-8%, BTES T,
(o, 0) 5 17 (v, 05) AT (g, 00) 2 PPHE IR 1 (U;)
=3, HIE£5 s vy 5o G 12-86, T2, XF v, 7
15 12-53 3 Sl K-8 e, Bttty f, /& Kempe %5
v

BR4 fo(of) =3, fiu(ef)=1;

PRI S 1 IR i ], g

1H5 5 fu(vf’>:3, fu(vg):?;

VRSB S 1 R iR ], s

BR6  fo(of)=3, fi,(u])=4;

H b (0F) =1, Mo FRAERY 12-47 LD

1 (vy, vy ) » X150 SO KR40, FTA3 45 (0 qE £

W 15(c)firne BTLE £ By 12 (v,w), 1% (v,05)
FP (vy, vy ) RETAE T, AT £5 T vy Ho A 23-
%, %F vy FTAE 23-9 52t K-A2 4, FrffE5 05 f 2
K-S0 1

Hi o () =1, WIZE £, B, vy BTAER 23-53 3
N (ug,0y) s SHZSY S0 K-A8 e, T3 it
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13 (0, 05) R (v, 05) TR0, WOLE £ s 0y oy
[ 12-8%, vy FTLE 12-90 32500 K-8 e, g
Bl e KM,

WRT fo(of)=4, fi,(f)=1;

UEIE UL S0 6 (RE B iR ], s o

BR8  fiy(of) =4, fiy(vf) =2

PRI S0 3 IR I 7 i ] e

BRY fo(of)=4, fi,(u])=4;
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