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FFT-Based Moving Average Maximum Likelihood Single-tone
Frequency Estimation
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(Dept. of Electronics & Information, Huazhong Univ. of Science and Technology, Wuhan 430074, China)

Huang Ben-xiong

Abstract: Based on the FFT of a single-tone sequence, this paper presents a novel Moving Average Maximum
Likelihood (MAML) frequency estimator, which develops a Moving Average (MA) model by the real part
relationship between different significant FFT coefficients firstly and a MA model-based maximum likelihood
estimation technique. Simulation results show that the algorithm is effective and the proposed estimator
outperforms the traditional Rife’s and Quinn’s estimator in both accuracy and the CRLB approximate RMSE of
estimation. It is also shown that MAML has the merit of little computation effort and as lower SNR, threshold as
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to —9dB.

Key words: Frequency estimation; FFT; Moving Average Maximum Likelihood (MAML) estimation

1 38

R AR e LU 4R T WA 15 5 4w SR AR I TE 26 8 3
] 82 T S S R R ), OB AR
55 VAR AE SR B, 10 U175 B2 — ol oy 1 R 1 B 5 (' A0
VAT A A, VT v 5 IR I s (1 LE 5% A5 5 B A o
IEAERAET IS, g, W5, B AR5 5 b 3 A5 4Tt
ZRN TR . TSRSV BT
MLEM, #feugs? %SvD, MUSIC, ESPRITF, pHDM
S A B T — 8 I AR 2R s B 1 H B A 1ok
HATIHCRAG TF, B SR 3) m EARI T Bs K
M X TRIPAIN S, WEAMRZERR, BRFEK, AF
T AbEE KEIETISAR AL 7k, AR Kay$e H 17
R TR AT A 28 (WLP) P HoFitz 25360 7, Brown
A4 PR 45 4 T R (R LTI 8 B Soi gl A 2 M i
DU A A g /s e JEV AR A5 81 11 20 P i AN £ PR T A T
(GWLP)PIg, SRR/, (HAEME LSSk o SR AL LA
A= ATTHEREA R AATEARN AR SO &6 ) ;T
DFETHRES T 7%, AFFT R IBEMER. WIE%ES
AABENERRILEL . SVESEREURE S, FFAE S
FSEWHAES AR H R AT S I 5E A S R A T

2006-10-184% 2], 2007-06-0714[7]

FEREILTFFTH, RAEEDSPL S A 28l {5+
AT RIS N A7 AE, M BRACRAE P A A% A DF T AN
Oy HER ARSI, IE 5L A 5 ARt e AR i, R G e
S, A5 S ELSR A T E P AR B PTG £ 2 ),
SR TCVR LA R, SR s IS 1 A
H A T FE TR L5 SR A v 2 A AN I Rk SE . K
AT ROREAS PF o KAk T8 Jo W SR FF T 3% Jee KA s ok o8
B SIS T (BRE, RZEVEE N +£1/2T) o Kl
SEARI 1E 5205 5 (SRR IE, A5 B (R i S s HE i A o
HE 5 SR SN E 2 M 286 6/ T,6 € [-0.5,0.5]
AR, X ERHE R, AT RECE B SR A 40 4E,
AR IEHARNY, (EIARM TSR Bk, H AT
FETHEEE G WA SRR P fiis
SLRAR AL Lk M Rt (M1 g £ B 5 AR R
2 QuinnyE 5, Hoh, RifeRIQuinniZ 4 3L F I oy b
TR LR SE LU A TR (8, ASICAE T R 7 1 £ e Ll 48 v
I R] S e AL T R S BCSR, T HE AR ok
TARSEBR 2R o HRT A 2K LR N B R AR,
NI BB T7 T s 5 8 WS V(B 1% 4 2 A P % — A
L8 (RI RV 75 100388 B | O 452 /IN B P Bl I 225 g il AL, AHL
5y 5% BEATLAFST W 75 56 00 1T S 75 ik (35 5 AR 2 e sh e K. 3
SEARAE M LLIN, P & SR K B2 1) T B LI 75



832 mF5F B %R

530 %

ZQuinnJ7VEM A K, A SRR LK FET 5 W R
25 5 [ 2 4 1 2 10 545 B9 81— )3 81 28 Quinnd & il 714
1T BEATLE 5 RS20, 07 S TE 38 4 R I3 R e 8 1) 5T
BRBENLAZ A . A G0 Quinnyk 1 BT I Py v 1% 22 1) 523 Ll sk ik
APARERAN T, AR I P 1 £ o 52 AR R B AL 75 1) 5 i
BN, AHQuinnik 20 T ARG L AR A T TR, £
PrIBR Rk m . BRIk, AR SCHE T — P pe bk S s 3L T
FETRE T 3 PR ARG Tk o %07 BB e 2 Ik
ST IR, FERERTHE L T MRS A S I S E B
XoF 1E SZ AR 5 ARAN T B TR K7 3 T ) (MA) B, ARG AR
P AR T T HAR, IR Quinnik 6] /N R 47
P Ve A RO AN T OB g S P ] NI R 25 . TEEL
Monte-Caroff P 51256 ¢ A SC 7 BRI A 20 A T8 77 i 22
PAECRLBIR . THEEA K HAGMEL T T IRE R A, R
e AT /WS B NS U 10 SR TR R
2 EZESIMEMITRIZIEEE

W AETZA5 5 KA T 51

z[n] = Ajcos(fyn+¢y) +r[n], 0<n <N -1 (1)
b Ay, 23 BN IESZAS S IOMRERRIA: Q =27f, /£ 5 f,
AR S, OSSR, N R A
rn] A SEBHLE T AR, D7 2ER o

N > I, ZIE SRR A A BT 1 25 4 (0 A
CEZN)

WX(f) = ﬁNGJ[%*W(f*fg)T] sin[n(f — )T}
2 m(f = )T
2
{a+1H%;%%gT}+W%q) 2)

W T =N/ f REENK a,b ARTEE RS, T IndEs
TRAAT OB, AT SR P F T35 F) 475 1 LU 25 451 3~
5dB, WU L EEHTEEETE, Wa=1, b=0; WR(f) &
r{n] FDTFTHE, #th &P

WELFTR, ¥k 9 38(2) Ptk R (5 KA A, R 4y
W Af =1/T , RN kAS 5 Bk, Kb, 1E
LA EREANEE ey s R I

sinfn(k — 6)]

WX(k) = éNeJ'[@”—w(k-_ﬁ)] sin|
2 m(k —6)

Serh kAR 2 K, W2 K7 S8, ATIERT A, WIDFTHE 5
kg VEERAE B A (K S (A N0, SR SHE; 6

+WR(k)  (3)

7000

fo
5000
il

Jlusz:
= 3000 Af
SAS k™ 41
1000 \T "
299 1| [ T [teo

-6 -4 =2 0 2 4 6
Iy

.

BT IESKCRAE PR Ll A2 (R L1
FRIEDFTRS I, RN LSMZR5|{H)

T2 A 5 B S A B AL A ) 1) ZE A6 T Af MRS EL
§ €[-0.5,0.5]; WR(k) A r[n] FIDFT#E, 2 — & o
R, J5ZEK No? o WARIESLAE S AR A th LR AUl

o =k + O)Af (4)
3 ETF FFT 80ig s EHMAMUAMEMLITERE

b8t
IR R 2 (3), (7 B Quinn ™ 1T, R A g
FRARNE OL R, I
Re{WWX(0)} _ 1_@ 5
Re{WX(k)} 6
o Re{e} A EUSEHHRAE . T AN (5) M) B — P FI A xs il o
A, RQuinniE I — ALY & o AZFHUG T ER A AL 2 18]35
SRR AR
0_ =26, 0, =06,
s.t. 6 > 0;

~

0, —0,=m

o 0,0,,0, R G) F . Z. ERE (<O,
k= 0k > 0)ikLRHIAH{T .
5 1 7 I WRGE) (3, kMM, B8 > 0,

k>0, W

_ Re{WX(0)} Re{-Ae” +Z,}

" Re{WX(k)}  Re{Ae” +2,}

_ — XXy =YY, + AA + AU, — AU, (7)

|Z,]" + A2 + 240,

Hor A K (3) T k= ¢ RIS EARIR(E: ¢ NAHDL, TRAEHT
W “—7 BoRMMZE T, Z, =WR() =X, +7Y,; U, =
X;cosp+V;sing jt—m i AMEA, 72 o) = Noo /2.
|Z,| < |A] i, M TaylorBRETF, WS kI, y, 7T A
o

yk_:Aa.Wlka/AuAa[lm%] ®

A, 142U,/ A, A, A A
1 2 (6) AT &2 (8) HH BB 10 — A,/ A, S FRAL T e 75 523
b, #egsaaA(5), X (8), AIEWITFH B FHIRA.

Ay, =y — Yy = _% +%§Uk - A?,)l Uia + [jk - Akll]UO
(9)

MR ARAE N, 6 BTt & R T 3 /M
(Ay" -pK (Ay-8") (10)

b Ay = [Ay[],Ay17~-~7AykN7JT7 B=[-1/6-1/6--,—1
/8]y K N—kyxky BV T ZERE, Ky N FTIERRRITE 4
S50, K PIuERiiL LU

2 2 1 1 2
K, = E[A?/kA?/k]: Ug’ 4 + A +[—]
1

Ai;ci Alf—l Ak A},,

x 2 1 1)1 1
K, = B[Ay Ay, )= o2 |- 2 | L)L
1 AN/ U A AL, ANA A

[ 1 1][1 L),
A]Hrz AkJrzfl Ak Akfl



Ham

R Fe T FET W3PS BRI IR 3Z A5 5 A

833

SRR, SR(1)Hh A AT WX ()| B

SR (10) s/ ME IR, SEBR ER— TR IR 2R
R ARSI AT A AR & IS T o
B 2.E-K ' E*

E-K' Ay+Ay" K ' ET

W B =[1,1,--,1] « b, FETFETREH BB ISR
AT DA . Bl F(®), Q)RR
TIEOUREE, T |8 BANEETE, T Ak > 1) BER,
WERNRZER K. % B Quinn /7 VATE 6] BN 1) R AT-HERE,
G5B B AR R ARIE AT Quinnid, £330 R Sk i 3l
IR RASRAT AL T4

SCHE 1) 5 T FET R 1938 20 ~F 3 KB AR 325 1E 5% 45 5 40
AT

(1) 4 W =FFT(z), Y[n]= W]’ ,n=0,-N-1,
c=13;

(2) POl AR Y n) B KMEH R Ky, BI

k, = arg m?X{Y[n}}

5=

(12)

e Wk —1]]
O Wik +1]
(4) T Quinn i 714548 & -

<i,m%myém

| Wk —1]
S

(6) VHE W B BRIEAL T e 5 (a) TF TR E
BB g, o AITAFH Ay s (b)) (1) VHE I S 2k (B
MK

(7) 45X (12) 73 3 B PRI AUR AL U

(8)dpeJa i 2\ (4) T B IE SR AR = AR A .

ATELE M, Quinnik i sl P B AR VE AL v 2% (1 45
B R MR W (1 15 4 /e A R AR 4 T MR {1 L 2 1 e 1 P05 e
SEIRME ¢ SRR, —MM —0.2 <6 <0, mxl(3)%EE

s w1y, M0 <s<0.2 8,
Wik, +1]

K@;ﬂekaqoﬁm&ﬁ1<ua5,mmﬁﬁ@w
Wik, +1) (15

W TS A, (720 ¢ — 1.3 BT

4 HEY%

AR AT Y AR ST BT T VR T AL B 45 B9 S Rife.
Quinn 7 VERAT T Hhi% .

Bk (1) e 75 g I MR a0 e 7S, A S IR B 7R 15~25
T A BN AIIGE , WIHRANO~ 2 BRI A4, fF5
WRLEIS0HZZE AT, RN fy = 150 + SAf » Hrp Af Ak
SRR, HCRFER LACRAEK R N R YUE, X REG
[, = 600Hz, N = 256 ; M5 & AT eI & 1E %5 5

oy = Re{WTk, +1]} = o - Re{W[k, — 1]} A R, R § 7E-0.5-0.55% ] I (B 5]
Re(Wik[} a1 Re(Wlk]p | PRI, SLEA 060 50,50 RIS
P I RI0%EGY, SHE—43 1 6 {HIZ 17500/ Monte-Carloffi
P, —1 I, JiRg LR,
(5)QuinnikAfti it : MR AT, SRR 24 8 1.2Hz,
Fi6,>0,6,>0, Wo=26; MTN6=06. 5(8)4kBLHi R A A 389 R G0 IS I SE A S AR AN T IR o
AT = 0.0405 14, R AT AR A VA AN TS A VRS B
1 LM EE R T IR LLE
. - . . bEFNR TS : RPN S
Ji(Hz) o,(Hz) T(Hz) o, (Hz) f(Hz) o, (Hz) f(Hz) o, (Hz)
148.8281 -05 148.8256 0.0417 148.8122 0.0594 148.8284 0.0408 148.8353 0.0403
149.0625 -0.4 149.065 0.0444 149.0411 0.0927 149.0638 0.0443 149.0635 0.0406
149.2969 -0.3 149.2991 0.0456 149.2085 0.3688 149.2790 0.0599 149.2853 0.0488
149.5313 -0.2 149.5793 0.2108 149.6265 0.3291 149.4970 0.0639 149.5215 0.0693
149.7656 -0.1 149.9226 0.2496 149.7732 0.1273 149.7002 0.4929 149.7609 0.0725
150.0000 0 150.0033 0.1225 150.0009 0.0716 150.0401 0.5838 150.0035 0.0515
150.2344 0.1 150.1056 0.2442 150.2353 0.0676 150.2002 0.3548 149.2248 0.0697
150.4688 0.2 150.4345 0.184 150.4694 0.0518 150.4798 0.0556 150.4630 0.0677
150.7031 0.3 150.7025 0.0464 150.7009 0.0432 150.7199 0.0693 150.7125 0.0548
150.9375 0.4 150.928 0.0421 150.9287 0.1499 150.9403 0.0420 150.9374 0.0419
151.1719 0.5 151.1679 0.0427 151.151 0.0591 151.1726 0.0410 151.1757 0.0439
t(ms) 0.72 0.73 1.08 1.21

¥, N=256, SNR=6dB, iz417500{kMonte-Carloffi®, #MHEWXRIEHE: 140~160Hz;
ROEFFEGXM R f WETAAIR,  f R, o, MR, T PRI FER, (CPU: CLTG,

512M RAM, W REHI T84T RGIIGEAF] 17 A [1])



834 mF5F B %R

30 %

SEAN TR T MR R AT, HBCRUS THRZE AR K
2 m . 2o, Rifeflivhas ™ |o| B0 50, Alikd8 07 2
IECRBFFR, 1524 |6] YEOMTIT By, H T~ V) B A7 AE AR {5 1n)
B S EUE TR AEAS 2 Quinnd i THAAT £ X E ARk T 16|
BN SRR AL VRS, AT LU A7 AE— 8 M BRI BN,
X R W AR AL BB SO, HAN R B LY
AR 25 5% W Quinn J) e 25 (R PEfE . Quinn il T 2 L
RAFAE € WE), HNKIATLAE H, |6 fEOPHITIN Al v+ PE g
58 T Rifefli tH 38R 2, HBA ISR IFa) . A2
()5 P B T AR HY S 1 3 T BB R ABLAR A T2 S L it
BAE|S] > 0.1 I PERELY 143330 T-CRLB R B, e 5 A2 st
(3 BRI ASRAS TH2:, 1 T AN IR R 046 IR
PP AR RS P AT Ik, 42| 6] ¥ FBl b RS HR y 5¢
T H T SRVE AR B b PR AL SR 1R 2 4 45 Quinn 7 5 R
(YIS ESE I (3717 = A ) il ok =S Ge AP R S L N
ALLAR A V125 B A LTS 2 S I R e T RS2 1 . T
H, SO S E ISR AL VAT, A5 — 54
BRI, TR 2 PR

P ok, ME— AN G T2 R BUE e L ] R 22k
ot XHOFFR I, HBFJiRife, Quinn Bkt z)
PSR IASRA V25 AL T8 R I 17 e L AR [] (R A A 175 0
L f =151.1719, N=256, i247500/XK Monte-CarlofijEL,
HoAh £ 44 ) B (BEIN Rife, Quinnfiliih % R IR, oAb
DURALL) o PEI202 IE SR S Al v (1 P 4 A0 B A T L AR AL 0
K, b P A SRR DCR DA TE I 8 22 B RS, TR
A R Quinn i A7 UK B2 22 TRUG TN G R 56, Rife
R B P 28 AR A T2 (MAML) A 45 e b K F-10dBA:
AL T S SRR . B3R R A T T 2%
Wt £ M L AR BT P v s A AR KA T PT 0 15
22, A VLIRS A T3 I REAS T T B AR HE, MAMLI) PR
K%, Z00-9dB, X EZRWE TR BL: Rifeflivh 2
W2 BRERZQuinnflivh4%, Ul T-1dB, FRXULI
MDA RS2 P 25 R R i K. PRI 33 26 ) 24 45 e L K TR
3PNV AR AL T BT IR N . 55 K2, 3T LA,
T BPP AR A 1 4% EERife, Quinnflih#fe M Hu T PR
R A,

20 —
152 —~- MAML I ~— MAML
-e- Rife 16173 -o- Rife
< e Quinn | s 12 :" '-.. - Quim}
Tasl AT [==F A — FREAL R
= S — b5 e 8f |
150 —+ 4 Py
v e
O e
-0 0 10 20 30 -0 0 10 2 30
SNR (dB) SNR (dB)

P2 i
B A

B3 A v R 22
B £ 168 LE AR A A 50

5 HRIE

AR SO IE SR AR 5 KA 7 41 (R FFT % P L 0 {8 3% 2 W 3

2 SR 2 SIS g WA A 2 ) SIS LA - S ST RS R 9 B

VR e BT BRI B A AUSR AR A v 4% A R

B T B LIARANT  TTR, 8 T Rife, Quinnikik

W AR PR, HATRERE S AT RRLF . B RS

R AEASITHE RS T, 5 Quinn T ARG A IRAN T

BRI N R IR 2, ARH I T Al VRS R Y

AR S IR R LS T 7

& % X B

[1] Rife D C and Boorstyn R R. Single tone parameter
estimation from discrete time observation. IEEE Trans. Info.
Theory, 1974, 20(5): 591-598.

2] Li T H and Kedem B. Iterative filtering for multiple
frequency estimation. IEEE Trans. on Signal Processing, 1994,
42(5): 1120-1131.

[3] Porat B. Digital Processing of Random Signals: Theory and
Methods. Englewood Cliffs, NJ: Prentice-Hall, 1994, Chapter
6.

[4]  SoH C and Chan K W. Reformulation of Pisarenko harmonic
decomposition method for single-tone frequency estimation.
IEEE Trans. on Signal Processing, 2004, 52(4): 1128-1135.

[6] Kay S. A fast and accurate single frequency estimator. IEEE
Trans. on Acoust., Speech, Signal Process., 1989, 37(12):
1987-1990.

[6] Fitz M P. Further results in the fast estimation of a single
frequency. IEEE Trans. on Commun., 1994, 42(2): 862-864.

[71  XiaoY C, Wei P, Xiao X C, and Tai H M. Fast and accurate
single frequency estimator. IEEFE Flectronics Letters, 2004,
40(14): 1-2.

[8] Brown T and Wang M M. An iterative algorithm for
single-frequency estimation. [EEE Trans. on Signal
Processing, 2002, 50(11): 2671-2682.

99 So H C and Chan K W. A generalized weighted linear
predictor frequency estimation approach for a complex
sinusoid. IEEE Trans. on Signal Processing, 2006, 54(4):
1304-1315.

[10] RAR, REAE. —AEM RS R R IE R T]. k3D
TRE2AAR, 2001, 13(2): 15-22.

Zhu Li-min and Xiong You-lun. A efficient algorithm for
spectrum error correction. Journal of Vibration Engineering,
2001, 13(2): 15-22.

[11] Quinn B G and Hannan E J. The Estimation and Tracking of
Frequency, Cambride. Cambridge University Press, 2001,
chapter 3.

(12] sRE%, O, FIRE S PR AL T Sk A R Bk e
HiAR, 2005, 45(1): 72-76.



Ham

WS BT FET Wl MR RIE I IR 52 15 S, T 835

(13]

(14]

[15]

Zhang Chang-ju and Tang Bin. Comparison and modification
of frequency estimation algorithms for single sinusoid signal.
Telecommunication Engineering, 2005, 45(1): 72-76.

TRE, /BT, il 104 Tl i (b B OB A L 22 42 IE
HE[T). HT AR, 2001, 29(7): 32-36

Ding Kang and Zhu Xiao-yong. A phase difference correcting
method on discrete spectrum adapting to any window
function. Acta Electronica Sinica, 2001, 29(7): 32-36.
FrIENE, SRR, HE FET AT R %5 S0 R B0 Hr ).
HF2#3), 2004, 32(4): 625-629

Qi Guo-qging, Jia Xin-le. Accuracy analysis of frequency
estimation of sinusoid based on interpolated FFT. Acta
FElectronica Sinica, 2004, 32(4): 625-629.

Rife D C and Vincent G A. Use of the discrete Fourier

transform in the measurement of frequencies and levels of

tones. Bell. Sys. Tech. J., 1970, 49(2): 197-228.

[16] Jane V K, Collins W L Jr, and Davis D C. High-accuracy
analog measurements via interpolated FFT. IEEE Trans. on
IM, 1979, 28(2): 113-122.
[17] Quinn B G. Estimation of frequency, amplitude and phase
from the DFT of a time series. IEEE Trans. on SP, 1997,
45(3): 814-817.
WEA: W, 1977 A, WA, BRI ONE S AR, BERR
Jil.

AR Y3, 1937 A, B, LA, BEOT R S A
o BEhE R

BOAME: %, 1966 R4, R, WA, WRFUS I R eE B
. WERE T, WEXNDL

A Y, 1975 A, AR, PRIG, WEFTTI OEAE (S AL
BLOERE. EE M.



